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1 Introduction
Gravitation theory has the remarkable feature that a spacetime can have a non-zero entropy
even at the classical theory level. There is no such classical entropy in theories of matter
elds, such as scalar and fermion elds. The most well-known manifestation of this special





where A( BH) is the area of the black hole horizon  BH and GN is the Newton constant.
Though this fact that the gravitational entropy is proportional to the area instead
of the volume bothered researchers for a long time, it was realized that this is actually






Moreover, string theory, as the best candidate of quantum gravity, oered a microscopic
explanation of black hole entropy as pioneered in [5]. These developments nally lead to the
concrete formulation of holography, namely the AdS/CFT (anti de-Sitter/conformal eld
theory) correspondence [6{8]. In this approach, the black hole entropy gets simply equal to
thermodynamical entropy in the dual CFT, which lives in a one dimension lower spacetime.
In fact, gravitational entropy arises even without black holes. In AdS/CFT, entan-






where  A is the minimal area surface in the AdS which ends on @A at the AdS boundary.
We can view this holographic entanglement entropy formula (1.2) as a generalization of
the Bekenstein-Hawking formula (1.1), where the former is reduced to the latter when A
is the total system in the presence of black holes.
Moreover, a more generalized area entropy formula was conjectured in [12]. It was
argued that an area of any space-like surface   in a gravity background is equal to entan-
glement entropy in gravity which measures quantum entanglement between the region  
and the outside on a suitable time slice in gravity. We may think this as a generalized
conjecture of (1.1) and (1.2).
In this way, we have now had abundant understandings of gravitational entropy from
the viewpoint of holography or AdS/CFT correspondence, where the classical gravity en-
tropy is explained by the deconned degrees of freedom in CFTs. However, this is an
indirect argument and we are still not be able to answer the origin of classical gravitational
entropy in terms of gravity theory itself. For example, we still need to ask how we can iden-
tify such an entropy in the Hilbert space of quantum gravity. Even though the bulk theory
does not seem to include the degrees of freedom which explain the O(1=GN ) = O(N
2)
classical entropy as the number of elds in supergravity is O(1), the presence of gravita-
tional entropies (1.1) and (1.2) argues that there is actually O(1=GN ) = O(N
2) entropy
localized on a surface  . In this sense, this situation in gravity may look slightly analogous
to topological ordered systems, where gapless degrees of freedom appear on boundaries,
and therefore the classical contribution to the gravitational entropy is often called \gravity
edge modes". Refer to [13{27] for recent discussions.
The purpose of this paper is to explore more on gravity edge modes from the viewpoints
of both the AdS/CFT and string theory. We will spend a more than half part of the present
paper to point out that the corner contribution to the gravity action [28] (see also [29, 30]
for more aspects and [31{34] for applications to holographic complexity [35, 36]), which
we call Hayward term, captures the essence of the gravity edge modes. This term arises
the spacetime includes a non-smooth boundary which we call a wedge. In other words, the
Hayward term is a codimension two analogue of the Gibbon-Hawking term [37]. We will
divide the original gravitational spacetime into multiple regions and consider pasting them
together where the non-additive nature of gravity action [30] plays a crucial role. There are






conditions on all boundaries of the divided spacetimes. In this approach, the gravitational
entropy of the edge modes is explained by the CFT dynamics on the extra boundaries
which emerge by cutting the original spacetime. We can equally interpreted the entropy
as that for the purication [38, 39]. The other one is to combine the Neumann boundary
condition with Dirichlet one so that we can view each divided spacetime as a gravity dual
of a boundary conformal eld theory (BCFT) in the formulation of AdS/BCFT [40{42]
(see also earlier works [43, 44]). In this interpretation, we can identify the gravitational
entropy with the number of boundary conditions in BCFT. In addition, we will show
the Hayward term is necessary to reproduce the correct conformal anomaly in a class of
setups of AdS/BCFT. Interestingly, we will show that each of these two approaches has
an analogy in edge contributions in gauge theories. All these results strongly suggest that
the essence of gravity edge modes is condensed into the Hayward term.
In the nal part of this paper, we will explore a string theory origin of gravity edge
modes. In the pioneering work [45], it was proposed that the classical gravity entropy should
be explained by viewing the sphere partition function of closed string world-sheet where
the two poles are stuck to Rindler the horizon as an open string partition function. We
will present an explicit formulation to realize this idea. Finally we will show that the open
string computation leads to the expected gravitational entropy up to an undetermined O(1)
constant. This strongly suggests string theory includes the degrees of freedom of gravity
edge modes properly.
This paper is organized as follows. In section two, we will give a brief review of
Hayward term and its derivation. After that we will derive the canonical formulation of
the gravity edge modes. In section three, we rst present the replica method computation
of gravitational entropy by employing the Hayward term. Then we summarize the basic
rules how the Hayward term appears in gravitational partition functions. In section four,
we show how the Hayward term and gravitational entropy are explained in the context of
holography. In particular we provides two independent arguments based on a generalized
holography and on the AdS/BCFT formulation. In section ve, we present analogies of
these two arguments in terms of entanglement entropy in gauge theories. In section six, we
explore how gravity edge modes and its entropy show up in string theory by considering
open strings stuck to a Rindler horizon. In section seven, we summarize our conclusions
and discuss future problems.
2 Gravity action in the presence of wedges
Consider a gravity action on an Euclidean manifold M in the the presence of a wedge as in
gure 1. The wedge is bounded by the two surfaces 1 and 2 such that @M = 1 [ 2,
whose intersection (or corner) is called  . We write the (induced) metric on M;1;2 and
  by g; h and , respectively.
The full gravity action is expressed as































Figure 1. A sketch of Euclidean space M with a wedge. The wedge is situated along the co-
dimension two surface   with the angle .
where K is the trace of the extrinsic curvature;  is the angle between the two surfaces 1






(   )p; (2.2)
is the Hayward term [28] (refer also to [29, 30]) which plays an important role in this article.
2.1 A sketch of derivation of Hayward term
When we take the variation of the Euclidean gravity action (2.1) without the Hayward
term, we obtain





















Therefore, after we impose the Einstein equation
R   1
2
Rg + g = 0; (2.4)
and the boundary counterpart
Kab   habK = 0; (2.5)
we need to set the  -boundary term to zero:
p
 = 0: (2.6)
Consider the case where we impose the Dirichlet boundary condition on 1 and 2
i.e. we x the metric hab(x) on 1 [ 2. Then the boundary equation of motion (2.5)
determines the angle  dynamically. Moreover, the Dirichlet boundary condition xes the
induced metric . Therefore, it is not desirable to set =xed from the beginning. In this






This motivates us to add the Hayward term (2.2) and then the variation becomes



















(   )p: (2.7)
This is sensible as the Dirichlet boundary condition on 1 [ 2 determines the value ofp
 on   at the same time and therefore leads to 
p
 = 0. The constant  in (   )
is determined from the fact that there should be no Hayward term when the boundary is
smooth at   i.e.  = .
2.2 Hayward term as edge modes
Next let us study the Hayward term in a canonical formalism, which will reveal its nature
as edge modes. Let us start from a d+ 1 dimensional spacetime M which has no boundary
(and wedge) for simplicity. Note that here we will discuss a Lorentzian spacetime. Let
us use the canonical formalism for the gravity action to make dynamical variables in the
wedge clear [29]. To do this, we use the standard ADM formalism. We rst foliate the
spacetime by the xed t timeslice as follows,
ds2 = gdx
dx = ( N2 + hijN iN j)dt2 + 2hijN jdxidt+ hijdxidxj ; (2.8)
where hij is an induced metric of the time slice, N is the lapse and N
i is the shift function.
Next, we discuss the canonical formalism in a given subsystem. Suppose we split the
spacetime M into two pieces, say MA and MB along a time-like boundary NAB = @MA =
@MB. At a specic time t0, a time slice 
t0
A intersects with the boundary NAB along a
d 1 dimensional surface  t0 . We consider the subspacetime M t0A dened by the lower half
region of MA dened by the restriction t  t0. Refer to gure 2 for this setup.

























A(hij ; ); (2.9)
where














is so-called the symplectic potential which makes the degrees of freedom in the phase
space manifest. Here ij is a canonical momentum conjugate to the hij . We neglected
boundary contributions other than the wedge term just for simplicity. The degrees of
freedom described by ~ is the boost angle at the corner  t0 , namely the boost angle in
Lorentzian spacetime between t0A and NAB along  
t0 . In the Wick rotation into the
previous Euclidean signature, we can identify ~ = i. Note that at the semiclassical level,
the Hartle-Hawking wave function 	HH on the region 
t0
A for the spacetime MA is given






















Figure 2. A sketch of Lorentzian gravity setup for the canonical formalism.
The presence of the corner term (2.10) in the canonical formulation implies that we
have dynamical degrees of freedom on the wedge. The commutation relation for the area
density
p
 and the boost angle ~ on the codimension two surface   is given by
[ ~(x);
p
(y) ] = i8GN(x  y): (2.11)
To make the variational problem in (2.9) well-dened, we need to impose extra bound-
ary conditions on the wedge. Then, one obtains a well-dened classical system. In principle,
one can quantize it for each boundary condition [13] (see also [14{17] as examples for grav-
itational subsystems). This choice corresponds to one of the superselection sectors in the
light of the operator algebra of a subregion [46]. Since we should x the metric on the
wedge, it is similar to the \magnetic center" in the algebraic denition of subsystems in
gauge theories. Note that for the derivation of the Hayward term, we chose explicitly the
decomposition of original metric. It means that we partially xed the gauge degrees of
freedom normal to co-dimension 2 surface. We can also regard our edge modes' symplectic
potential from Hayward term as a specic gauge xing of discussion in [13]. In there, we
have SL(2;R) symmetry which is now spontaneously broken to the canonical commutation
relation (2.11).
3 Gravitational entropy from Hayward term
Consider the replica calculation of entanglement entropy in gravity using the gravity ac-
tion (2.1). Usually this is done by introducing a decit angle along a codimension two
surface, which is a horizon in the black hole case [47] and which is a minimal surface in the
holographic entanglement entropy [48]. Below we would like to present an equivalent com-
putation in terms of wedges instead of decit angles. This calculation will reveal the basic
connection between the Hayward term and gravitational entropy. Our analysis is general
in that the codimension two surface   can be chosen arbitrarily in the whole Euclidean
space, which ts nicely with the conjecture [12]. In the context of holographic entangle-
ment entropy in AdS/CFT we have in mind the area xed state calculation [48] instead
of the CFT vacuum [49] in the sense of [25, 26]. After we present the replica calculation
of gravitational entropy, we will explain general rules of semiclassical computations of the






3.1 Replica calculation using Hayward term
We assume the gravity is originally dened in the at space Rd+1 for simplicity. In the
classical gravity limit, we can semiclassically evaluate the gravity partition function ZM on
M from the on-shell gravity action IM as
ZM = e
 IM : (3.1)
We consider the entanglement entropy SA , where a time slice is divided into two subregions
A and its compliment. This division is specied by the surface   such that @A =  .
The calculation which we will explain below is sketched in gure 3.
First we consider a small space described by (a) in gure 3. This is a region, called

















(A   )p: (3.2)
On the other hand we introduce a space M1 i.e. (b) in gure 3. This is dened by
eliminating the space MA from the original space manifold R


















(   A)p: (3.3)
Therefore it is clear that the sum of the two (by cancellations of extrinsic curvatures
in both sides)






coincides with the gravity action on the original space Rd+1. From the partition function
viewpoint we nd the obvious relation
ZRd+1 = ZMA  ZM1 : (3.5)
Now we consider a space Mn, which is dened by left picture of (c) in gure 3. This

















((2n  1)   A)p:
:(3.6)
Thus if we past the space MA to Mn, which is called Rn, we get the full replicated space
without any boundaries. This is the replicated geometry for the standard calculation of
entanglement entropy. The gravity action on Rn eventually reads


































Figure 3. Sketches of replica calculations of gravitational entropy.














The above argument is quite general and can be applied to any classical gravity. In
particular we can obtain the holographic entanglement entropy in AdS/CFT [9, 10] from
the above method using the Hayward term, which is equivalent to the argument [48]. Also
our argument can be applied to a more general conjecture for any spacial surfaces [12]. It is
clear from the above calculation that the Hayward term is crucial to obtain the gravitational
entropy.
3.2 Pasting rules of gravitational spaces
Here we would like to explore the general rules of pasting gravitational spaces where the
Hayward term plays the important role. Our argument in this subsection is a reformulation
of the much earlier work [30].
Let us start with summarizing the previous replica computation. The wedge geometry
with the angle  leads to the Hayward term contribution to a gravity partition function
ZW () on the wedge
ZW () / e
A( )
8GN
(1   ); (3.9)
as depicted in the top right picture in gure 4. Notice that the terms other than Hayward
term is additive and we omitted in the above. We attached another wedge with an angle
0 to the previous wedge and get a geometry with the angle  + 0, which does not have
any boundaries. This partition function is given by the multiplications of the two:








This coincides with the well-known result of gravity partition function ZC with the conical












θ = 𝑒𝑒 𝐴𝐴8𝐺𝐺 2−𝜃𝜃𝜋𝜋 θ = 𝑒𝑒 𝐴𝐴8𝐺𝐺 1−𝜃𝜃𝜋𝜋
= = 𝑒𝑒 𝐴𝐴8𝐺𝐺×
= 𝑒𝑒 𝐴𝐴4𝐺𝐺×
Figure 4. Pasting rules of gravity action.
In this way, when we paste two spaces along their boundaries, the resulting gravity
partition function agrees with that of the connected geometry. However, this is not true
when we paste more than two spaces as depicted in the nal two pictures in gure 4. When
we paste k wedge spaces with the angle 1, 2,. . . k, we have
kY
i=1




k Pi=1 i  = eA( )8GN (k 2)  ZC(Pi i): (3.12)
We can also turn to the pasting of two wedges into a larger wedge as depicted in the
upper picture of gure 5:
ZW (1)  ZW (2) = e
A( )
8GN  ZW (1+2): (3.13)
We can view this as a pasting rule of Hartle-Hawking wave function.
By taking two copies of this, we can estimate the partition function in the presence of
conical angle:
ZC(21)  ZC(22) = e
A( )
4GN  ZC(21+22); (3.14)
which reproduces (3.11).
4 Hayward term and CFT duals
As we have explained, the pasting rule (3.13), which gives an anomalous boundary con-
tribution, can be regarded as the basic rule from which we can derive other pasting rules
including the conical angle contributions. Therefore here we would like to consider a holo-
graphic interpretation of (3.13) in the light of AdS/CFT.

















= 𝑒𝑒 𝐴𝐴4𝐺𝐺×2π × 2π 4π
Figure 5. Pasting two wave functions (Top) and its doubled version (Bottom).
dual to a d dimensional holographic CFT on Rd as depicted in the left of gure 6. As usual
in AdS/CFT we set the boundary at z =  and regard  as the UV cut o scale of the
dual CFT. We introduce a surface Q so that the Poincare AdS is divided into two parts
MA and MB as in the right picture of gure 6. The AdS boundary is divided into A and
B. The angle between A and Q is called A and then that between Q and B is given by
B =    A.
4.1 Generalized holography viewpoint (Dirichlet-Dirichlet case)
Consider a holographic dual of MA and MB, separately. We impose the Dirichlet boundary
condition on both MA, MB and Q in the gravity side. Then, since @MA = A[Q, we expect
that the gravity on MA is dual to a CFT on A[Q. However, Q is not an asymptotically AdS
boundary, the theory on Q should be a non-local eld theory, which is obtained from the
original CFT via the inhomogeneous RG ow down to the cut o scale Q = O(1). On the
other hand, the eld theory on A is the original CFT with the UV cut o scale . Notice that
this type of generalized holography follows from the surface/state correspondence [50, 51]
and if we set A = =2 this coincides with a specic example of that appears in holographic
entanglement of purication [38, 39]. We dene c to be the central charge of the holographic
CFT such that c / Rd 1GN . The partition function on A [Q can be estimated as
ZAQ = ZA  ZQ; (4.2)
where
ZA = e
AcV (A); ZQ = e(d 1)QcV (Q); (4.3)
where A and Q are O(1) numerical constants. Here V (A) and V (Q) are the volume of
































Figure 6. Separating a Poincare AdS into two parts MA and MB . The boundary of the Poincare
AdS is A [B, which is a plane. The separation is done along the surface Q.




On the other hand, from the gravity side, the pasting rule (3.13) and the bulk-boundary
duality in AdS/CFT leads to
ZAQ  ZBQ = ZAB  e
A( )
8GN : (4.6)
Note that since A + B = , the Gibbons-Hawking contribution cancel with each other
and the terms other than Hayward term simply get additive.
In addition, the following equality is obvious
ZA  ZB = ZAB: (4.7)
Therefore the extra contribution in (4.6) is qualitatively explained by the contribution (4.5)
from the (non-local) theory on Q.
Next we would like to turn to the viewpoint of wave functionals in a d+ 1 dimensional
gravitational theory. For this, we start with a spacetime M with no boundaries and








B , as in gure 7. The
separation is done with respect to the d dimensional surfaces A, B, Q(+) and Q( ), such
that @M
()
A = A [Q() and @M ()B = B [Q(). We dene the d  1 dimensional surface
  as the intersection between A and M
()
A (or equally B and M
()
B ). Note that the four
subspaces share the same codimension two surface  .


















Here note that the state j	Ai lives in the Hilbert space which comes from the congurations







Since these provide the purications of the density matrix A and B, N is given by
the exponential of the entanglement entropy SA = SB between A and B
N = eSA = e
A( )
4GN ; (4.9)








B are dual to h	Aj and h	Bj,
respectively.
Their inner product is estimated as
(h	Ajh	Bj)  (j	Aij	Bi) = N2; (4.10)



































is dual to h	ABj. Their inner product is given by
h	ABj	ABi = N; (4.13)









































This reproduces the pasting rule (3.12).
4.2 AdS/BCFT viewpoint (Dirichlet-Neumann case)
If we impose the Neumann boundary condition on Q in the previous setup of gure 6
and the Dirichlet boundary condition on both A and B, we can regard this as a setup of
AdS/BCFT [40{42]. In this case, the gravity on MA (or MB) is dual to the CFT on A
with an appropriate boundary condition imposed on Q. Below in this subsection we would
like to give an interpretation of the area entropy A( )=4GN in gravity in terms of the CFT
on a manifold with a boundary.
The AdS/BCFT argues that the CFT partition function on A with a certain boundary
condition labeled by i imposed on @A =  , denoted by Z
BCFT (i)
A , is equal to the gravity
partition function on MA with a suitable boundary condition (again labeled by i) imposed






























B , which are extended





B ) consists of A [Q() (and B [Q()). The four subspaces have a common surface  .





















m is the matter Lagrangian localized on the surface Q and i labels all possible
boundary conditions of the CFT; the term IH denotes the Hayward term.
The variational principle leads to the Neumann-type boundary condition on Q
Kab(x) K(x)hab   T (i)ab (x) = 0; (4.17)
where T
(i)
ab is the boundary energy stress tensor from the matter described by the La-
grangian L
(i)
m . In particular, when it takes the special form T
(i)
ab =  TBhab, the boundary
condition preserves a part of conformal symmetry and the gravity dual is called the bound-
ary conformal eld theory (BCFT). The parameter TB represents the tension when we
regard the surface Q as a end of world brane and the solving the boundary conterpart
of Einstein equation (4.17) uniquely chooses the angle A as a function of TB [40{42].
However, in our arguments here we allow all possible boundary conditions which are not
conformally invariant in general.





where LA;B is the horizontal length of A and B; jii labels all states in the CFT. We regard
the horizontal direction in gure 6 as the Euclidean time and the Hamiltonian in this time
evolution is denoted by H.
The gravity dual of h0je LAH=2jii is given by the gravity partiton function ZBCFT (i)A
in the AdS/BCFT as explained just before. In general it describes a geometry in a region






specied by jii and the angle A also depends on this boundary condition. The number of
boundary conditions NB is the same as the number of states when we regard the horizontal




up to an O(1) undetermied coecient. This estimation obeys from the standard formula of
the entropy in CFTs at nite temperature: S  cA( )T d 1 by regarding the cut o energy
1= as the eective temperature T . This counting (4.19) of the number of all possible
boundary conditions agrees with the gravitational entropy (3.8) up to an O(1) factor. This
provides another interpretation of the area entropy in the light of AdS/BCFT.
4.3 Hayward term from AdS/BCFT
In a class of AdS/BCFT setups where the wedges exist in the AdS boundaries, we can
explicitly conrm the necessity of Hayward term in the bulk wedge. Below we would like
to explain this. Consider a two dimensional CFT on a wedge region A with the angle
A(> 0):
A = f(x; y)j jyj < tan A
2
 x; x > 0g: (4.20)
We impose a conformally invariant boundary condition on the boundary @A and apply the
AdS/BCFT. Its gravity dual MA has also a wedge and its corner is denoted by   as depicted
in gure 8. We impose a Neumann-like boundary condition (4.17) on the boundary Q which
extends in the bulk. Even though in general we need to take into account back-reactions
due to the brane Q by solving the Einstein equation with the boundary condition (4.17),
the geometry near the asymptotically AdS region is not changed. Therefore the divergent
contribution to the holographic partition function for A is universally estimated in the










where  is the UV cut o in 2d CFT. Here the quadratically divergent term comes from
the bulk integral of Einstein-Hilbert action on MA, while the logarithmic one comes from


























On the other hand, in the CFT side, the standard argument of conformal anomaly





(A) log  1 : (4.23)




























Figure 8. A gravity dual of a CFT on a wedge in AdS/BCFT.
where the last term is the \Hayward term" in the Euler number and is derived by regular-











which agrees with the gravity result (4.21).
In this way, the Hayward term on   in the gravity is necessary to reproduce the correct
conformal anomaly in the dual CFT.
5 Comparison with edge modes in gauge theories
In section 4, we have introduced two AdS/CFT realizations of the gravitational subsystems,
namely the generalized holography viewpoint (section 4.1) and the AdS/BCFT viewpoint
(section 4.2). Here we point out there are nice counterparts in gauge theories.1 The
existence of edge modes has been discussed extensively in the context of entanglement
entropy in gauge theories. Refer to [52{93] for recent developments. As similar to the
dieomorphism in gravity, we need to manage the gauge degrees of freedom at the boundary
with great care. One way to dene the subsystem is to embed the gauge-invariant Hilbert
space into a larger one, so-called \extended Hilbert space" [52{55]. There are in principle
many choices for implementing the enlarged Hilbert space. We list two of them, which are
relevant to the previous AdS/CFT examples.
1These are no more than analogies. Do not confuse these with ones in the real gauge theories dual
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Q Q
Z
Figure 9. Purication approach to dene the subsystem A and B. The edge modes (states living
on Q) play a role of \puriers" due to the correlations from gauge invariance. In the bottom gure,
the labels A;B should be regarded as A ; B  in gure 7.
1. Add the dynamical degrees of freedom at the boundary so that one can make each
subsystem gauge-invariant. It can be also interpreted as the \purication" of the
classical correlations due to the gauge constraints. This will be discussed in section 5.1
below and is analogous to section 4.1.
2. Start from the Hilbert space which includes gauge-variant states. Such states will be
projected out when we evaluate the gauge-invariant states. This will be discussed in
section 5.2 below and is analogous to section 4.2.
In any case, we need to introduce additional degrees of freedom, especially at the
boundary | so-called edge modes. Then, the entanglement entropy for the gauge theories
















where the nal term is the standard entanglement entropy which is distillable. In what
follows, we spell out the remaining parts which come from the correlations of edge modes.
The rst term comes from the Shannon entropy due to the probability pj associated with
the superselection sectors, labeled by j. Each j is determined by the expectation values
for the Casimir operators (boundary electric uxes) at the boundary points. The second
term counts the correlations from the color degrees of freedom, which may be regarded as
a sum of the expectation value of local operators. Here d
(j)
a represents the dimension of an
irreducible representation of the color ux at each point a.
One can expect we have the similar form as (5.1) even for the generalized entropy in
gravity. In this case, the label j would be determined from the eigenvalues of the area
operator, which would play a role of the Casimir operator [13, 23] (see also recent works in
this direction [21, 22, 24{27]). In particular, we will discuss the counterpart of the second






5.1 Doubling the degrees of freedom
A simple and analogous example of the area-xed state in gauge theories is a meson or
Wilson line state across the boundary.2 If we naively split it, the gauge transformation at
the boundary makes the state dierent one. A simple rescue to cure the gauge invariance
in the subsystem is to add innitely heavy charged degrees of freedom at the boundary.






jniA hnjA ; (5.2)
where we assumed the state belongs to the fundamental representation of SU(N) gauge
group for concreteness. Each n represents color degrees of freedom. The form should be
uniquely xed up to trivial phase factors since the state must be gauge-singlet. We can
interpret it as a purication of the classical correlations due to the gauge constraints:





jniA jniQ : (5.3)
The degrees of freedom at Q corresponds to the aforementioned heavy charged states,
namely the edge modes.
In our AdS/CFT setup (section 4.1), we can view each n in (5.3) as new degrees of
freedom living on a new \boundary". See lower panel of gure 9. This contribution is
analogous to the second term with xed j in (5.1). The state (5.3) is analogous to the
state (4.8).
We know that the holographic Renyi entropy does not admit the at spectrum. It
means that the usual minimal area surface cannot be regarded as an edge mode living
on a single super-selection sector. Our argument so far has been basically the area-xed
argument [25, 26], namely we have focused on a single sector and neglected distillable
contributions (bulk matter elds). We stress that our interpretation at the semi-classical
limit will hold even after inclusions of matter elds and so on. This is simply because
classical and distillable parts are decoupled as in (5.1).
From the macroscopic viewpoint, the area-xing can be understood as a change of the
statistics. In this sense, the addition of Hayward term is just the Legendre transformation.
5.2 Including the gauge-variant states
One can also extend the gauge-invariant Hilbert space Hginv: such that it includes the
gauge-variant states in H?ginv:. In the previous example for the meson or Wilson line state,




jniA jniB 2 Hginv:  Hext:  Hginv: H?ginv:; (5.4)







Gauge theory (Wilson line) setup






" #-" "A "B
"A,"B
A B A B
Figure 10. Schematic pictures on embedding the physical states into the extended Hilbert space
includes all gauge-variant states in gauge theories and gravity (AdS/BCFT).
where Hext: allows the state such as
PN
n;m=1 cn;m jniA j miB. In the light of the extended
Hilbert space Hext:, we can safely say Hext: is bi-partite with respect to any subsystems.
Then, we have \entanglement" from color degrees of freedom which are protected by gauge-
invariance, so not distillable. See upper panel of gure 10.
Our AdS/BCFT setup in section 4.2 is quite similar to the state (5.4) in the gauge
theories. This is because we implicitly allowed our Hilbert space to be spanned by jAi jBi
with A + B 6= . The generic states with A + B 6=  do not satisfy the constraints
from dieomorphism invariance. Hence, such states are out of gauge-invariant Hilbert
space (Lower panel of gure 10). The \physical" states must belong to the subspace with
A + B = . Now the number of color degrees of freedom NG corresponds to the number
of all possible choices of the boundary energy momentum tensor of the boundary surface
in the gravity side, which is dual to the boundary condition (4.17) in AdS/BCFT.
6 Edge modes as open strings
We would like to discuss how the edges modes, whose number is expected to be measured by
the area formula S = A4GN , emerge from string theory as a theory of quantum gravity. For
this purpose, we will focus on the tree level (or genus zero) closed string contributions, which
was pioneered by the paper [45]. Refer to [94{96] for closed string results at one-loop level
and to [97] for results for open strings. We also simply assume that the spacetime is at i.e.
RD, where D = 26 in bosonic string and D = 10 in superstring. We denote the spacetime
coordinate by (x0; x1;   ; xD 1). Then we consider the entanglement entropy between half
spaces A and B at the time x0 = 0, where A and B are simply dened by x1 > 0 and
x1 < 0, respectively. In this case, the replica method calculation of entanglement entropy
is equivalent to the calculation of entropy in the Rindler space.
First we would like to note that it is well-known that the low energy eective action of
closed string theory includes the Einstein-Hilbert action. For example, in the sigma model
approach to closed string theory [98{100], the tree level eective action of string theory
Ist is related to the genus zero (i.e. sphere) partition function Z(S













where  is the UV cut o in the world-sheet theory on the sphere. The radius of the sphere
is taken to be unit. Therefore, we can perfectly derive the area formula of entropy in at
spacetime via the Euclidean approaches such as the decit angle method and the one in
earlier sections of the present paper using the Hayward term. Note that stringy corrections
(or 0 corrections) are vanishing in at spaces at genus zero.
However, this argument does not answer the fundamental question where the gravity
edges modes come from in string theory as a theory of quantum gravity. An important
observation made in [45] is that the edge modes may come from special world-sheet cong-
urations which wind around the Rindler horizon x0 = x1 = 0. In the replica computation
of TrnA, the spherical world-sheet wraps n times around the Rindler horizon such that the
north and south pole of the sphere are xed on the horizon. We can view this world-sheet as
a one-loop diagram of an open-string which connects the north and south pole as depicted
in gure 11.
One might think that instead of considering replicated spacetimes, we may calculate
the entropy from genus zero partition functions on ZN orbifolds (or the Melvin twist
geometry [101{103]), as employed in the case of genus one partition function [94{96], via
the formula










where Ist is calculated from the sphere partition function as (6.1). In this correspondence,
we regard the replica number n as 1=N . However, we immediately nd that this quantity S0
in the orbifold CFT is simply vanishing. This is because the orbifold projection aects only
partition functions with genus one or higher. For genus zero, we simply have Ist(C=ZN ) 
1
N Ist(R
2) = 0, because the orbifold projection acts in a rather trivial way for the genus zero
partition function as opposed to the situation in the genus one case. This is consistent with
the argument of [104], where it was pointed out that the Einstein equation is satised at
the xed point of C=ZN owing to the localized tachyon potential, which means the on-shell
condition i.e. conformal invariance on the worldsheet dZ(S
2)
d log  = 0.
On the other hand, if we try to employ the replica method with integer n, we need
to calculate the partition function of the sigma model whose target space is the replicated
geometry, which does not seem to be tractable at present.
Instead of performing these closed string computations, below we would like to evaluate
the sphere partition function from the open string viewpoint. Indeed, we will see that our
result implies that such congurations describe the gravitational edge modes.
6.1 Edge mode partition function in open bosonic string
We would like to evaluate the sphere partition function from the open string viewpoint. In









Figure 11. The sphere partition function of closed string world-sheet with north and south pole
pinned at the Rindler horizon (left) can be equivalently described by the one-loop partition function
of open string which connects the two poles (right).
26 scalars X0; X1;   ; X25 and b; c ghost. We write the metric of the unit sphere S2 as
S2 : ds2 = d2 + sin2 d'2; (0  '  2; 0    ): (6.3)
We assume that the north pole  = 0 and the south pole  =  are situated at the
Rindler horizon x0 = x1 = 0. We would like to view the sphere partition function as
the one-loop cylinder partition function of open string. At the open string end points, we
choose the Dirichlet boundary condition for X0; X1 and the Neumann boundary condition
for X2;   ; X25. Notice that we choose the Neumann boundary condition (rather than
Dirichlet one) for the latter because we do not need to impose the continuity at the horizon
for edge modes.
For this, we put an innitesimally small hole (radius ) on the north and south pole of
the unit sphere S2 as in gure 12. This is described by the metric (6.3) with the restriction
       . We map this sphere into a plane with the complex coordinate w (using the





Finally the w plane is mapped into a cylinder via the coordinate transformation w = e+i,
where the cylinder coordinate (; ) takes the following values
0    2; log     log(4=); (6.5)
as depicted in gure 12.
Note that the metric on the sphere is related to the cylinder metric by the Weyl
transformation
ds2 = d2 + sin2 d2 = e2(d2 + d2);
e  jwj
1 + jwj2=4 : (6.6)
Before we analyze bosonic string theory, consider a unitary CFT with the central









Figure 12. Conformal mapping from a unit radius sphere with two holes into a cylinder.
that the sphere partition function should behave as
Z(S2) / e  c3 log ; (6.7)
where the log  dependence is xed by conformal anomaly. This is reproduced by the
cylinder partition function Z(Cyl) as follows:
Z(S2) = eSL[]  Z(Cyl); (6.8)







2 + e2]: (6.9)









On the other hand, the cylinder amplitude behaves as
Z(Cyl) = Tr[e 2tHopen ] = h0je s(L0+L0  c12 )j0i ' e c12 s = e c6 log 2 ; (6.11)








Also Hopen is the Hamiltonian in the open string channel and (L0; L0) describe the con-
formal dimensions in the closed string channel as usual. It is easy to conrm that (6.7) is
reproduced from (6.8).
Now we move back to the open bosonic string. This corresponds to coupling the
b; c ghost CFT to the cX = 26 unitary CFT. To calculate the sphere partition function,
we need to insert three left-moving and three right-moving c-ghost operators as hc~cc~cc~ci.
Importantly, for a standard normalization which leads to a nite sphere partition function,
we need to insert them in generic middle points to avoid the singular factor due to the Weyl
rescaling (6.6). On the other hand, the standard cylinder amplitude of open string [106]






we naively regard Z(Cyl) as the standard open string amplitude, we will obtain the extra
divergent factor due to the Weyl rescaling:3
e 2N  e 2S ' 1
4
/ e2s; (6.13)
where N and S are the value of  at the north boundary  =  and the south boundary
 =     of the cylinder. Also note that the Liouville action contribution (6.8) is trivial
i.e. SL[] = 0 because the total central charge is vanishing cX + cbc = 0.































where gs is the string coupling constant, which arises as we consider the genus zero partition









m=1(1   e 2mt). Remember also that we multiplied
e 2s to remove the unwanted divergent factor (6.13). Note that we do not know the precise
normalization of Z(S2) suitable for our problem as the location of c ghosts can move in
many ways with the current knowledge. Therefore we ignore this O(1) undetermined
normalization factor in (6.14).
In summary, we nd
Z(S2)edge = n26  A24
GN
; (6.16)
where GN / g2s012 is the Newton constant in bosonic string and n26 is an O(1) undeter-
mined factor.
6.2 Edge mode partition function in open superstring
Let us turn to superstring. Consider an evaluation of genus zero partition function from
open superstring viewpoint. In the same way as in the bosonic string case, we impose the
Dirichlet boundary condition in X0; X1 and the Neumann one in X2;   ; X9, similarly
for their super-partners. The insertion of ghost operators now look like hc~c()(~)  c~c 
3To see this remember that the ghost c has the chiral dimension  1.
4If we purely consider the open string picture, we might not have gs as it is a cylinder amplitude. In that
case we may obtain 1=g2s factor from the Chan-Paton degrees of freedom as suggested in [24]. However, in






hc~c()(~)i, where () describes a vertex operator in the ( 1) picture. Since the con-
formal dimension of c() is  12 , we need to multiply e s (instead of e 2s for the bosonic
string) to remove unwanted divergence. Since the small disk path-integral corresponds to
the vacuum state in the matter CFT via the state/operator mapping, our cylinder ampli-
tude corresponds to the propagation of the tachyon state in the NSNS sector of the closed
string. Note that we do not impose the GSO projection as we are looking at the genus
zero partition function. The IR divergence of the closed string tachyon is canceled by the
multiplication of the factor e s. In the open string channel we only have NS sector with-
out GSO projection. Though this might be analogous to the non-BPS D-brane [107, 108],
they are dierent in that the latter has both NS and R sector, while the former does only
NS sector.
In this way, the edge mode contributions to the sphere partition function in superstring
















where we omitted the details of modular transformation as they are parallel with the
bosonic string.
Therefore we obtain
Z(S2)edge = n10  A8
GN
; (6.18)
where n10 is again an undertermined O(1) constant.
6.3 Possible interpretation as gravitational entropy
In terms of edge modes, which propagate around the Rindler horizon, we would like to
interpret the sphere partition function Z(S2)edge as that of the edge modes
Z(S2)edge = Tredge[e
 2Hedget]:; (6.19)
where we introduced Hedge = Hopen +
1
t log gs +
s
2t . Since we are taking the limit  ! 0
i.e. t ! 0, (6.19) shows that the number of edge modes is n10 A8GN , where A8 is the area
of Rindler horizon. However, notice that this world-sheet partition function is at the
rst quantized level as usual in string theory. The second quantized partition function is
given by the exponential eZ(S
2)edge . This leads to the estimation of the number of second
quantized edge modes e
n10
A8
GN . This ts nicely with the expected answer e
A8
4GN based on
the gravitational entropy up to the numerical factor n10. This strongly suggests that our
identication of open strings with edge modes is correct.
7 Conclusions
In this work, we have pointed out the role of Hayward term, which is corner contributions






term in the gravitational entropy for any spacetimes, including asymptotically at ones.
Based on the Hayward term, we explained the pasting rule of gravity action which gives
rise to the non-additivity of the action in the presence of wedges. This non-additivity due
to the Hayward term directly suggests that we need to insert the so-called area operator in
order to account for the factorized Hilbert space. Recently, the necessity of such operator
insertion is discussed explicitly in the context of two-dimensional gravity [21, 22]. The
Hayward term would reect a such necessity in more generic sense.
We have also presented two dierent interpretations of setups where gravity systems
are divided into subsystems. One is based on a generalization of holographic and the other
is based on the AdS/BCFT. In the former, we argued that the Hayward term contribution
describes the partition function on the extra boundary. We also showed that the wave
functional viewpoint of gravitational theory and conjectured gravity entanglement formula
reproduce the Hayward term correctly. In the latter, we found that the gravitation entropy
associated with the area of the separation surface counts the number of possible boundary
conditions for the CFT with the boundary. Moreover, we showed that the Hayward term
represents the conformal anomaly in another setup of AdS/BCFT. All these show that the
gravitational edge modes show up universally as dynamical degrees of freedom on edges of
subsystems in holography.
We also noted that these structures of gravitational subsystems turn out to be quite
analogous to the ones in gauge theories. We can understand the origins of the area term
because the entanglement entropy in gauge theories depends on the choice of the gauge
xing across the boundaries, which is also the case for gravitational entropy. It is natural
because, for the observers in the subsystem, such gauge degrees of freedom on the boundary
become physical as like the asymptotic symmetry. However, it is still not so clear what is
the proper choice of the boundary condition to reproduce the area term.
Toward the above question, we studied a possible interpretation of gravity edge modes
as the degrees of freedom in the string theory. We evaluated the sphere partition function
of closed string with punctures (equivalent to one-loop cylinder partition function of open
string) and saw a qualitative agreement with the nite area term as the open string degrees
of freedom. Our argument strongly suggests that the stringy degrees of freedom would
account for the gravity edge modes. It means that the \gauge-variant" subspace does
indeed make sense from the string theory viewpoint. Further clarication of this idea is a
challenging but very interesting future direction.
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